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A non-Born–Oppenheimer effective Hamiltonian for diatomic molecules with optimal fitting parameters, i.e.,
determinable clusters of expansion coefficients of Born–Oppenheimer corrections, has been derived. The effective
Hamiltonian has formally the same form as Dunham’s Hamiltonian, except for additional corrections for successive
�0i terms of a series expansion of the rotational parameter Bð�0Þ, extending the determinacy of the optimal parameters,
�B

a,b, �!
a,b, �aiq

a,b, riq
a,b, in general for i ¼ 1, 2, 3, . . ., if spectra of isotopomers of atoms A and B are analyzed si-

multaneously. The effective Hamiltonian provides a clear-cut understanding of determinable correction parameters; e.g.,
in Dunham-type potential fits to spectral transitions for the single isotopomer optimal parameters �riq (i ¼ 1, 2, . . .) for
corrections of series expansion terms of Bð�0Þ should explicitly be included. The physical significance of the optimal
parameters as well as of conventional molecular parameters, Be, �De, He, !e, and ��e, etc., is described.

The vibrational–rotational and rotational spectra of a
diatomic molecular species for several vibrational states and
various isotopomers are analyzed simultaneously, taking adia-
batic and nonadiabatic corrections of the Born–Oppenheimer
approximation into account.1–6 Analytic expressions of
Dunham’s Yij with �B and �! formalism for the Born–
Oppenheimer corrections7–9 have revealed that clusters of ex-
pansion coefficients for Qð�Þ, Rð�Þ, and Sð�Þ, called optimal fit-
ting parameters, are determinable by an analysis of spectral
transitions. Thus, the correction functions Qð�Þ, Rð�Þ, and
Sð�Þ can be determined separately9 if one accepts Herman
and Ogilvie’s method to evaluate Rð�Þ.10 This approach of
the spectral analysis has been applied to LiH9 and HCl.11

A prospective non-Born–Oppenheimer effective Hamilto-
nian expressed with optimal parameters has been described
qualitatively in Ref. 9: optimal parameters ��B, ��!, and
��aiq (i ¼ 1, 2, . . .) are corrections for the type of �pi in pið1þ
�piÞ in which pi represents one of Be, !e, or ai (i ¼ 1, 2, . . .),
respectively, and �riq (i ¼ 1, 2, . . .) are those of successive �i

(i ¼ 1, 2, . . .) terms of a series expansion of the rotational
parameter Bð�Þ.9 The quantity �xi denotes ðme=MaÞxia þ
ðme=MbÞxib.

It has been left to derive an exact expression of the effective
Hamiltonian with the optimal parameters. An analytic ap-
proach is necessary to generate the exact form of the Hamilto-
nian expressed with a correct coordinate.

Non-Born–Oppenheimer Effective Hamiltonian

An appropriate original effective Hamiltonian1–5 ignoring
orders higher than O(me=Mi) in the electronic state 1� yields
a Schrödinger equation in terms of the variable � ¼
ðr � reÞ=re as�

�
h2

8�2�re2
d

d�
f1þ ðme=MaÞQað�Þ

þ ðme=MbÞQbð�Þg
d

d�
þ

h2

8�2�re2ð1þ �Þ2

� f1þ ðme=MaÞRað�Þ þ ðme=MbÞRbð�ÞgJðJ þ 1Þ

þ Vð�Þ þ ðme=MaÞSað�Þ þ ðme=MbÞSbð�Þ
�
 vJð�Þ

¼ EvJ vJð�Þ; ð1Þ

in which � is the reduced mass of a molecule and Ma, Mb, and
me are masses of atoms A, B, and an electron, respectively.
Mass-independent functions, e.g., after Watson,2 Qa,bð�Þ,
Ra,bð�Þ, and Sa,bð�Þ are non-Born–Oppenheimer terms for non-
adiabatic vibrational, nonadiabatic rotational, and adiabatic
effects, respectively.

Similar to Dunham’s potential function,12 functions Qa,bð�Þ,
Ra,bð�Þ, and Sa,bð�Þ are expressed as series expansions of � after
Fernandez and Ogilvie.4 The expansion coefficients of the �i

terms of Qa,bð�Þ, Ra,bð�Þ, and Sa,bð�Þ are qia,b, ria,b, and si
a,b, re-

spectively.7,9 With the appropriate manipulation of a Sturm–
Liouville type operator in Eq. 1 for the vibrational kinetic en-
ergy followed by the removal of the adiabatic correction terms
linear in �, the Shrödinger equation (Eq. 1) can be expressed in
wavenumber units as7,9"

� Bef1þ �q0 þ ð4Be=!2
eÞ�s1

0g
d2

d�2

þ
Bef1þ �r0 þ ð4Be=!2

eÞ�s10g
ð1þ �Þ2

1þ
X
i¼1

�ri0�i
 !

JðJ þ 1Þ

þ
!2

e

4Be

1� ð2Be=!2
eÞfð2þ 3a1Þ�s10 � 2�s20g

� �

� �2 1þ
X
i¼1

ki�i
 !#

 vJð�Þ ¼ FvJ vJð�Þ; ð2Þ
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in which

� ¼ f1þ ð2Be=!2
eÞ�s1

0g�þ ð2Be=!2
eÞ�s1

0; ð3Þ

�ri0 ¼ ðme=MaÞðrai � qai Þ þ ðme=MbÞðrbi � qbi Þ; ð4Þ

�si0 ¼ ðme=MaÞðsai þ qai FvJÞ þ ðme=MbÞðsbi þ qbi FvJÞ; ð5Þ

k1 ¼ a1 � �q1 � ð2Be=!2
eÞfða1 � 3a1

2 þ 4a2Þ�s10

þ 2a1�s20 � 2�s30g; ð6Þ

and

k2 ¼ a2 � a1�q1 � �q2 � ð2Be=!2
eÞfð2a2 � 3a1a2

þ 5a3Þ�s10 þ 2a2�s20 � 2�s40g; etc. ð7Þ

A Dunham like treatment of Eq. 2 or a perturbation method
of Kilpatrick13 provides, after a replacement of FvJ in Eq. 5
with a known power series expansion in (vþ 1=2) and
JðJ þ 1Þ, an eigen value,

FvJ ¼
X
i; j

Y�ij ðvþ 1=2Þi½JðJ þ 1Þ� j; ð8Þ

in which Yij
� (¼ Yij

�ð0Þ þ Yij
�ð2Þ þ . . .)14 includes the Born–

Oppenheimer corrections to Dunham’s original notation Yij.
The Yij

�ð0Þ coefficients that are expressed with optimal correc-
tion parameters, ��B, ��!, ��a1q, ��a2q, . . ., �r1q, �r2q, �r3q,
. . ., are given in Eqs. 36–43 of Ref. 9. The optimal correction
parameters are determinable clusters of expansion coefficients
of qi

a,b, ri
a,b, and si

a,b.
Reference 9 has shown that a Schrödinger equation with

~RRa,bð�Þ and ~SSa,bð�Þ introduced from Watson’s ~RRa,bðrÞ and
~SSa,bðrÞ, respectively, as"

�
h2

8�2�r2e

d2

d�2
þ

h2

8�2�r2e ð1þ �Þ
2

� f1þ ðme=MaÞ ~RRað�Þ þ ðme=MbÞ ~RRbð�ÞgJðJ þ 1Þ

þ Vð�Þ þ ðme=MaÞ ~SSað�Þ þ ðme=MbÞ ~SSbð�Þ

#
 vJð�Þ

¼ EvJ vJð�Þ; ð9Þ

provides just the same Yij
�ð0Þ as given in Eqs. 36–43 of Ref. 9.

Definitions of ~RRa,bð�Þ and ~SSa,bð�Þ have been given in Ref. 9.
Some details are added to the discussion in Ref. 9. Express-

ing Be and !e in units of cm�1, ~rri
a,b and ~ssi

a,b are given as

f~rr0a,b; ~rr1a,b; ~rr2a,b; ~rr3a,bg

¼ fr0a,b � Pa,bð�0Þ; r1a,b þ Pa,bð�0Þ � q0
a,b;

r2
a,b � Pa,bð�0Þ þ q0

a,b � q1
a,b=2; r3

a,b

þ Pa,bð�0Þ � q0
a,b þ q1

a,b=2� q2
a,b=3g ð10Þ

and

f~ss0a,b; ~ss1a,b; ~ss2a,b; ~ss3a,b; ~ss4a,bg

¼ fs0a,b; s1a,b þ ðhc!e
2=4BeÞPa,bð�0Þ;

s2
a,b þ ðhc!e

2=4BeÞð3a1Pa,bð�0Þ=2þ q0
a,bÞ;

s3
a,b þ ðhc!e

2=2BeÞða2Pa,bð�0Þ þ 3a1q0
a,b=4þ q1

a,b=4Þ;

s4
a,b þ ðhc!e

2=2BeÞð5a3Pa,bð�0Þ=4

þ a2q0
a,b þ 3a1q1

a,b=8þ q2
a,b=6Þg; ð11Þ

respectively. The quantity Pa,bð�0Þ is the definite integral of
Qa,bð�Þ from �0 to 0. The lower limit of integration �0 that cor-
responds to Watson’s r0 in Ref. 2 is, in exact, �0

a
and �0

b
, but

the difference does not formally affect the conclusions of the
present paper. In Ref. 9, Pð�0

a,bÞ is a typing error. All
Pð�0

a,bÞ that appear in Ref. 9 should read Pa,bð�0Þ.
Although the above Eqs. 1–11, except 8 and 9, have been

given in Ref. 9, we reproduce them in this paper to facilitate
reproducing the results of the present calculation to generate
the non-Born–Oppenheimer effective Hamiltonian. Watson’s
Hamiltonian with ~RRa,bðrÞ and ~SSa,bðrÞ has been given with the
coordinate r but we are expressing it as given in Eq. 9 with
the coordinate �. In our treatment, it is essential to write the
expressions with �, not with r.

Setting Pa,bð�0Þ to r0
a,b, a replacement of

f�q0; �q1; �q2; �r0; �r1; �r2; �r3; �s1; �s2; �s3; �s4g

! f0; 0; 0; 0; � ~rr1; � ~rr2; � ~rr3; �~ss1; �~ss2; �~ss3; �~ss4g ð12Þ

applied to Yij
�ð0Þ of Eqs. 36–43 in Ref. 9 yields exactly the

same expressions as Yij
�ð0Þ. This proves that the Schödinger

equation 9 is identical to Eq. 2, i.e., to Eq. 1. Since Yij
�ð0Þ is

defined in units of cm�1, units of si and ~ssi in the replacement
12 are in cm�1 after dividing the Schrödinger equation by hc.
Therefore, the factor hc!e

2=Be in Eq. 11 should be changed to
!e

2=Be when the replacement 12 is applied.
The above discussion indicates that replacement 12 applied

to Eq. 2 generates an effective Hamiltonian expressed with op-
timal parameters. The step to derive the effective Hamiltonian
is a simple but important one. After some treatments of equa-
tions a non-Born–Oppenheimer effective Hamiltonian is ob-
tained as

H ¼ �Beð1þ ��BÞ
d2

d�02

þ
Beð1þ ��BÞ
ð1þ �0Þ2

1þ
X
i¼1

�riq�
0i

 !
JðJ þ 1Þ

þ
½!eð1þ ��!Þ�2

4Beð1þ ��BÞ
�02 1þ

X
i¼1

aið1þ ��aiqÞ�0i
 !

; ð13Þ

in which

�0 ¼ ð1þ ��B=2Þ�þ ��B=2: ð14Þ

Equation 13 has formally the same form as Dunham’s Ham-
iltonian12 except for corrections for successive �0i terms of the
series expansion of the rotational parameter Bð�0Þ. The eigen-
value of the Schrödinger equation given by Eq. 13 is exactly
the same as that of Eq. 2, and is written as Eq. 8 in units of
cm�1, in which the modified Dunham coefficients Yij

�ð0Þ are
given in Eqs. 36–43 of Ref. 9 for ij ¼ 01, 02, 03, 04, 10, 11,
12, and 20.

It is important that the effective Hamiltonian 13 is analyti-
cally generated with the correct coordinate �0. Equation 13
can also be derived directly from Eq. 9, converting the variable
� to �0 defined in Eq. 14. This substantiates that we can express
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Eq. 13 in general for i ¼ 1, 2, . . .. The Hamiltonian 13 indi-
cates that the minimum of the effective potential function oc-
curs at (1� ��B=2Þre, which is equal to the internuclear dis-
tance determined from Beð1þ ��BÞ. The optimal parameters
��B, ��!, and ��aiq (i ¼ 1, 2, . . .) are corrections for the
Born–Oppenheimer breakdown of the type of �pi in pið1þ
�piÞ in which pi represents one of Be, !e, or ai, respectively,
and �riq (i ¼ 1, 2, . . .) are corrections for successive �0i

(i ¼ 1, 2, . . .) terms of the series expansion of the rotational
parameter Bð�0Þ.

Since molecular parameters Beð1þ ��BÞ, !eð1þ ��!Þ,
aið1þ ��aiqÞ (i ¼ 1, 2, . . .), and �riq (i ¼ 1, 2, . . .) in the Ham-
iltonian 13 can be determined for each isotopomer, the optimal
parameters,�a,b

B ,�a,b
! ,�a,b

aiq, and riq
a,b, are determinable in gen-

eral for i ¼ 1, 2, 3, . . .. In Ref. 9, the determinacy of the opti-
mal parameters was shown for ��B, ��!, ��a1q, ��a2q, �r1q,
�r2q, and �r3q. For the spectral analysis of a potential fit for an
isotopomer in 100% natural abundance, corrections for the
breakdown of the Born–Oppenheimer approximation have
not been taken into account so far. Molecular parameters in
Eq. 13 are Beð1þ ��BÞ, !eð1þ ��!Þ, aið1þ ��aiqÞ (i ¼ 1,
2, . . .), and �riq (i ¼ 1, 2, . . .). Therefore, the correction param-
eters �riq (i ¼ 1, 2, . . .) should be included in such a fit. The
physical significance of conventional molecular parameters
{Be, �De, He, !e, ��e},

15 for example, is

fBeð1þ ��BÞ;�½4ðBeð1þ ��BÞÞ3

=ð!eð1þ ��!ÞÞ2�ð1� �r1qÞ;

½16ðBeð1þ ��BÞÞ5=ð!eð1þ ��!ÞÞ4�½3þ a1ð1þ ��a1qÞ

� ð5þ 3a1ð1þ ��a1qÞ=2Þ�r1q þ �r2q�; !eð1þ ��!Þ;

½ðBeð1þ ��BÞÞ2=ð!eð1þ ��!ÞÞ�½6þ 6a1ð1þ ��a1qÞ

� ð4þ 3a1ð1þ ��a1qÞÞ�r1q þ 2�r2q�g: ð15Þ

It should be noted that terms of orders higher than O(me=Ma,b)
are ignored throughout. Expressions 15 shows that for a single
isotopic species, determined values for molecular parameters,
Be, !e, and ai, are those for Beð1þ ��BÞ, !eð1þ ��!Þ, and
aið1þ ��aiqÞ, respectively. A quantity De, for example, signi-
fies neither 4ðBeð1þ ��BÞÞ3=ð!eð1þ ��!ÞÞ2 nor 4Be

3=!e
2

but 4½ðBeð1þ ��BÞÞ3=ð!eð1þ ��!ÞÞ2�ð1� �r1qÞ if the non-
Born–Oppenheimer treatment is considered.

Since the number of components in a set of the expansion
coefficients qi

a,b, ri
a,b, and si

a,b, is larger than that of Yij
�ð0Þ de-

terminable experimentally, the choice of a set of determinable
clusters of the expansion coefficients is not unique. However,
because of the physical significance of the corrections written
above, the set of optimal parameters, ��B, ��!, ��aiq (i ¼ 1,
2, . . .), and �riq (i ¼ 1, 2, . . .), is the most natural choice of
clusters.

Watson16 proposed R and S choices in his effective Hamil-
tonian, making ~RRa,bðreÞ and ~SSa,b

0ðreÞ vanish, respectively, by
use of lower limits of integration r0i. We showed in Ref. 9 that
Pa,bð�0Þ, the definite integral of Qa,bð�Þ from �0 to 0, vanishes
from an analytic expression of the eigenvalue FvJ . Therefore
both choices generate exactly the same result of FvJ , and
do not affect the present expression of the effective Hamil-
tonian 13.
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